
ON THE ABSOLUTE RIESZ SÜMMABILITY OF FOURIER
SERIES AND ITS CONJUGATE SERIES

BY

T. PATI

1.1. Definition. Let Xa" an be a given infinite series, and X„ a positive,

steadily increasing, monotonie function of », tending to infinity with n. We

write

0 v-v
-4x(«) = Axiw) =  ¿^ an

K="

and

A\iu) =  Z) (w - X»)'an.

The series ]C" an is said to be absolutely summable (E, X, r), or simply

summable ¡R, X, r\, r^O, if y4x(co)/cor is of bounded variation in iA, oo),

where A is a finite positive number [6; 7](x)- We may, for example, take

A=\l

The above definition can also be put in the following equivalent form by

defining X suitably at nonintegral points and by a change of variable.

Alternative definition. Let X=X(w) be a continuous, differentiable,

and monotonie increasing function of w in (E, oo), K being a positive con-

stant, and let it tend to infinity with w. Suppose that ^i° an is a given in-

finite series, and write

«r(«) = E{X(«)-X(»)}'o. (fèO).
new

Then the series ^2î an is summable \R, X, r\, r^O, if the integral

á[<v(«)/{x(«)}']|,

where 4 is a finite positive number, is convergent. Now, for r>0, m<w

<m + X,

-f- \cMi\\i<*)Y\ = TrrTr77 £ {x(«) - xwj-'xwo,.
dw {X(cú)},+1Báu

Hence 21" ff» is summable |E, X, r|, r>0, if
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rx\     rX'(w)      _^ .

7T7TTT7 £   X^ - X^  "-1XW^
dw <  oo.

rX'(co)

[X(«Ji
It is evident that summability \R, X, 0| is equivalent to absolute con-

vergence.

For convenience we shall adopt the alternative definition throughout the

present paper.

1.2. Let /(/) be a periodic function with period 27r and integrable (E)

over ( — it, it). Without loss of generality the constant term in the Fourier

series oí fit) can be taken to be zero, so that

oo oo

(1.21) /(/) ~ X («n cos ni + bn sin nl) = ]T Anit)
i i

and

(1.22) f  fit)dt = 0.

Then the conjugate series of the Fourier series oí fit) is given by

CO CO

(1.23) 22 i°n cos nt — an sin nl) = 21 E„(i).
i i

Throughout the paper we use the following notations:

4>it) = {fix + t)+fix-t)}/2;

Ht) =  [/(* + ') -fix-i)}/2;
i—i

Pit) =   22 (M*/*01 where the 0's are arbitrary;
o

««) =  [{/(* + <) -PU)} +i-Xy{fix-t)- Pi-t)}]/2;

Ht) =  [{/(* + /) -Pit)} -i-Xy{fix-t) -Pi-t)}]/2;

1     /•«
$„(<) =- I    (/ - u)°-^<Piu)du (o- > 0) ;

r(<r) J o

*o(0 = *(0 ;

*,(/) = r((r + i)r»*,(0 (<rèO);

^(í), 0v(¿)> Gv(¿)> g<r(¿)> Er(/), and Â„(i) have similar meanings;

Y«,r0)  = f«-r(<)/**i Ö«,,(0  =  ha-rit)/lT;

e(w) = exp {(log co)1+1'"} ;

£("- t) = 2_) {«(«>) - e(w) }"<?(») cos »/; E(r)(w, i) =-E(w, <);
naco óVr
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—                       dr

£"("> 0 = 2-) {«(«) - e(n)}aein) sin nt;        EM(w, t) =-S(co, /) ;
new dtr

/' '        Ma                                                               /*T          ua
-—— £(»>(«, «)<*«;    A(«, /) =-—— £<«>(«, «)d«;

o   log (*/«)                                                  J t     log («/«)

(*(<)),  »  ̂ -Fit).
of

1.3. The object of this paper is to generalise our previous work(2) done in

the subject and to establish theorems of a very general character concerning

the absolute Riesz summability, for a rapidly increasing type, of the Fourier

series, its conjugate series, and their derived series. These theorems are stated

in §2.1. It will be seen that Theorem 1 is the analogue, for absolute sum-

mability, of a theorem on ordinary Riesz summability of Fourier series,

recently obtained by Wang [9], for the case in which a is a positive integer

èl. It may be mentioned that the four theorems of this paper include as

particular cases Theorems 4, 6, 7, and 8 respectively, recently published [5]

by Mohanty in the Proceedings of the London Mathematical Society.

I take this opportunity of expressing my deep indebtedness to Dr. B. N.

Prasad for his kind encouragement and valuable suggestions during the

preparation of this paper.

2.1. We establish the following theorems.

Theorem X. If a is an integer 2:1, andi3) tpait) log ik/t) is of bounded

variation in (0, t), then the Fourier series of fit), at t = x, is summable \R,

eico), a + X\.

Theorem 2. If a is an integer 2:1, and if (i) ^„(i) log ik/t) is of bounded

variation in (0, w) and (ii) \ipait) | /t is integrable (E) over (0, it), then the conju-

gate series of the Fourier series of fit) ,att = x, is summable | E, e(«), a + X \.

Theorem 3. If r is an integer èl, and ya,rit) log ik/t) is of bounded varia-

tion in (0, 7r), then the rth derived series of the Fourier series of fit), at t = x, is

summable |E, e(co), a +11, for every integral a^r.

Theorem 4. If r is an integer èl, and if (i) 0a,r(O log ik/t) is of bounded

variation in (0, it) and (ii) \da,rit)\/t is integrable (E) over (0, it), then the rth

derived series of the conjugate series of the Fourier series of fit), at t = x, is sum-

mable I R, eico), a + X \, for every integral a^r.

2.2. We require a number of lemmas for the proofs of our theorems.

(2) Under publication in the Bulletin of the Calcutta Mathematical Society.

(s) In the enunciation of the theorems of this paper it is sufficient to take k>ir. Since it is

immaterial what particular value k has, for the sake of convenience we assume k>ea+iv in the

proofs of Theorems 1 and 3.
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Lemma 1 [6, 7]. If a series 22" an is summable \R, X, r|, rèO, then it is

summable \R, X, r'\ for r'>r.

Lemma 2. The Fourier series of the special functions

(    I * IV1   /    I * I \~2 /    1*1 V""1(Ht!) 'HtD ■■■••MtI)
are all absolutely convergent att = 0.

The absolute convergence, at 2 = 0, of the Fourier series of the special

function (log |&//|)-1 has been proved [4] by Mohanty. The proofs of the

absolute convergence, at t = 0, of the Fourier series of all the other special

functions proceed on similar lines.

Lemma 3. Let C*', S%\ and Sn® denote the nth Cesaro-sums of order k

ik 2:0) corresponding to the series

OO CO CO

2^( —l)"»p,     23 (cos nt)p,    and    23 (srn »Op
i i i

respectively. Then

ii)                                S™ = 0in+h+1) for 0 < t S X/n;

(ii)                               S™ = 0(«riW>) + 0(/-1r(p+2>) for X/n<lS r;

(iii)                              Snk) = 0in+k+1) for 0 < t S X/n;

(iv) Sn = Oyn t ) + 0(re t ) for X/n < t S t;

(v)   when p is an even integer 2:2,

,-,(*) ,-.,   max(p,i-l)
C„    = 0(ra ).

Proof. We write

1/2 + cos / + cos 2t + ■ ■ ■ = Co + ci + C2 + • • • = 23 c„-

Let s^n denote the «th Cesàro-sum of order k corresponding to the series

23Cn. We first estimate sf for 0</^1/m and X/n<tSir. If 0<tSX/n, then
c„ = 0(l), j„ = 0(«),and thus sf = 0(w*+1) uniformly in Q<tSX/n. When 1/w

<tSir, proceeding as in Hardy's Divergent series [2, p. 361], we get

s™ = 0(») + Win),

where

Q(») = sin {(« + k/2 + X/2)t - k/2}/(2 sin t/2)k+1,

and
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X     C X — u2 du
Win) =-,

ÍtíJ c   1 - 2m cos t + u1  (1 - u)k+1un+1

C being the lacet formed by the circle | u— X | =r (r < 11 — eu\ ), and the line

(1+r, oo ) described twice in opposite directions. It is plain that

o(») = Oír*-1)

uniformly. Also, taking r = 1/2», we estimate that

Win) = Oink-H~2).

Hence, we finally have

snk) = Oif"'1) + Oin^f2) for X/n < t S ti.

We now proceed to derive the results (i) and (ii) of Lemma 3. Since S$ is

derived from 23(cos w0p ¡n the same manner as s*5 is derived from 23c»>

we have

(*> . *+p+i
Sn       =  0(W )

uniformly in 0</¿l/». When X/n<tSir,

S? = UWin) + WWin),

where ß(p)(«) and IF(p,(m) are the pth derivatives with respect to t of ß(«)

and Win) respectively. Using Leibnitz's formula for the derivative of a

product and observing that

(sin {in + k/2 + 1/2)/ - kw/2})p^ = 0(«>-x),

while

(1/(2 sin ¿/2)*+!)x = 0(r*-x-i),

we infer that

q«(») = 0(«"rf*+1)).

Next, treating W(t,)in) in just the same way as we treated Win), we find that

W^in) = Oin"-H-^+^).

Thus finally

Sn    = 0(w t ) + Oin     t ) for X/n < l S *.

The results (iii) and (iv) of the lemma follow from the results (i) and (ii),

when we observe that (sin «0P = »(cos »Op-i- The result (v) follows from the

result (ii) by using the identity cos «7r = ( — l)n.

Lemma 4 [3]. Let
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A\ix) = A\ix) =   XI «n,

and

A\ix) =  23 ix — X„)r<7„ (r > 0).
x„á*

Then, if k is a positive integer,

.1(1)'
kl\dxj

. *,

Lemma 5. The nth derivative of {Fix)}m is the sum of a number of terms of

the form

K{Fix)}m-r{F^ix)}^{F^ix)}^ ■ ■ •  {F<">(x)}«»,

where the K's are constants, rSn, and the a's are positive integers or zeros such

that

n n

23 <Xv = r; 23 va> ~ n-
1 1

Further, if m is a positive integer, then rSm.

This is a particular case of a result, due to Faa di Bruno [8, p. 89], on

the nth derivative of a function of a function.

Lemma 6. If p is an even integer such that 2SpS<x — X, then the integral

wc«+»(»)

is convergent.

Proof. We have

/" (logo)1'",
,,, v | £»(«. w)| du

£<'>(«, t) = (-l)'/223 {«(«) - e(»)}°«(»)(-l)B»p-

We first prove that

(2.21) 23 {e(«) - e(») }"*(»)(-1)"»' = 0 J_2f^L e«+i(w)l
«Su, V       « J

Evidently it suffices for our purpose to show that

(2.22) e(co)23 {eico) - ein)}ai-X)"n" = 0\-^-ea+1iu)\
naco I      <>> /

and
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(2.23) 23 {«(«) - e(»)}a+1(-X)nn" = 0 \—— e«+1(w)l .
naco I      W J

We use the following notations:

£(*) = 23 (-1) "»';$*(*) = 23 (*-»)«(-l)B»' (K = l, 2, • • ■ ).
núx náx

We observe that

(2.24) £"(x) = Oix«-1).

To prove this suppose mSx<m + X. Then

m m—1

<&aix) = 23 (* - n)ai-X)"n" = 23 A(x - n)"Cn   + (x - m)"cL0\
i i

following the notations of Lemma 3. Again

23 A(x - n)"Cn    = 23 A (* - W)"C„   + [A(x - w)a]n=m_iCm_i.
i i

Repeating Abel's transformation, and applying Lemma 3, we easily get the

inequality (2.24). Now

/' ™ dG(x) — {e(a>) - e(x)} °¿x
i ¿x

= ~(/<+/lS(x)^^(a,) -<x^"dx

= - ili + 1\), say.

e(w)/i = 0 (( log co/co)e«+1(co)).

/" ¿
6(x) — {«(w) — eix)}adx

e dx

1   r "/ d\a d  . .
" —,\     \T) e"i*) T- {*("> - «(*)}-¿*.

a! J ,   \dx/ dx

by Lemma 4. Integrating the last integral by parts, we have

It = 0( | Sa(co) I {e«)(«)} -) + Ote-K»))

+o^i r°°s«(x)^—y+1{e(o)) - e(»)}-á*iy

Evidently

Next
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Now, applying Lemma 5 and the binomial theorem, we see that

3=f   6"(x)i— J      {e(co) - eix)}adx

is a sum of constant multiples of terms of the type

Sa(x)e"(x){e(1)(x)}^ ■ • •  {e<a+1>(x)}<Wx,

where the ß's are positive integers or zeros such that

0 < ß + ßi -I-+ ßa+i = r <a,

ßi + 2ß2 + 3ß3+ ■ ■■ +ia+ X)ßa+i = a + X.

Now, using (2.24) and the inequalities

((log x)1'«       1
«»>(*) =Qj e(x)l ,

((log x)2'"       )
6<2>(x)=0|V   y      e(x)|,

((logx)^1""       1

«««+»(*) =Q|     a„+1-«(*)},

f (log *)<«+»>'«
eK"-ri>{x) = u<

we observe that

f "<£«(*)«*(*) {«<»(*)}* • • • {*<"+»(*)}'«"<**

a ((log x)1/a) «+1    \
x«-le'ix) \ \      dx)

a"   (logx)1+1'a \

Now, if r = l,

/"   (log x)1+1/" / c   log x \
^-\-e'(*)d* = Oil      —=— e^\x)dx\

/riogx      i"    /•»      logx-1    \

-o(i^eM).
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Again, if r = 2, 3, ■ • • ,

/"   (log x)1+1/a / r" log x \
2-er(x)dx = Of   I    e^ix)—— e™ix)dx)

= O Í^EJL e^iu)eiu)\ = O í^i^- er(u)\.

Hence 3 is a sum of constant multiples of terms each of which equals

0{(logw/w)}, so that, finally, e(w)72 = 0{ (log w/w) e°+1(co)}.

The proof of (2.23) proceeds on essentially the same lines as that of (2.22) ;

the integral

f   e«(x) (— J     {e(w) - eix)} a+1dx

replaces 3 with corresponding differences in details. This completes the proof

of (2.21). Hence

/'«= (logu)1'".                  .              / r°° (logco)1+1/a      \
h £<»>(«, T)&> = 0( ±^lJ.- ,&) = 0(1).

i      wea+1ico) \ J i o2 /

This completes the proof of Lemma 6.

Lemma 7. If p is zero or a positive integer Sct — X, then

23 {e(w) - ein)}aein)n» = 0{w+1ea+1(w)/(log w)1'"}.
»aw

Proof. For m^co<m-\-lt

m

23 {«(") — e(»)}ae(»)»'' = 23 {«(«) — e(«)} ae(»)«p
n^u 1

»i—1 n m

= 23A{e(ü)) — e(ra)}a23 e^V + {eiw) — e(m)} "23 «M"'
ii i

[m—1 n -|

23 {«(»+ 1) - «(»)}{«(«) - e(M)}«-123cW"p

m

+ {e(co) - e(m)} a 23 «("V
i

^r     ,, s^1  {l°g(«+ i)}17"   ,     .   ,,    n'nein)-]
= O   ea_1(üj) >, -e(w + 1) -

L        i       « + i (iog«)i/«J

( log co               to'coe(co) )

+ 0\-«-(«)-—-> ,(.   coa (logco)1'")

since e(» + l)—c(»)=0[{log (« + 1)} 1/ae(w + l)/(« + l)] and
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n

23 «W = 0{we(w)/(log n)11"}.
i

Thus

23 {<?(«) — e(w)} "«(»)»'
nÍB w

= oie"-1^) ¿e(»+ l)»'e(«)l  + 0{ (log co)1-1'ae«+1(co)/co«-1-"}

= 0{ea+1(«)wp+7(log u)1!"}.

This completes the proof of Lemma 7.

Lemma 8.

£<«-»(», 0 = 0{(logu/co) e«+1(")i~Ca+1)} •

Proof. The proof of this lemma proceeds along the same lines as that of

Lemma 6. Suffice it to observe that in the analysis £(x) and 0>>(x) will be

replaced by @(x) and <Sa(x), where

©(x) =  23 (cos »Oa-i and <S"(x) =  23 (x ~~ w)"(cos «0«-i.
núx nSx

Also, by repeated application of Abel's transformation and Lemma 3, as in

the proof of (2.24), we estimate that ©°(x) =0(x<"-1r(a+1)).

Lemma 9. If p is zero or a positive integer Sa — X, then

E«(«. 0 = 0{(logco/co)e0'+1(co)rO>+2>}.

Proof.

£»(co, 0 = 23 {«(«>) - e(»)}"«(»)(sin «Op

= -   f     i E (sin »OpÍ— [{«(") - «(*)}"«(*)]¿*
J i     Us, 1 dx

= - y f cot y n J     — [ {«(«) - e(x)} »«(*) ]dx

- — f   (sin [x]t)p — [{«(«) - «(*)}««(*)]<**
2 J i ax

1   /* "/ 1   \    ¿
H-I    I cos [x]/cot — t\   — [{e(w) - e(x)}ae(x)]d"x

1 /       1   \ 1 1
=-1 cot — M Zi-72 H-^3,    say.

2 \       2   /, 2 2
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Evidently

(2.25) — (cot —1\ h = 0 |_2£ü e«+i(co)rw-ni .

For estimating J2 it suffices to consider only

(sin [x]0p— {ei") — eix)}adx
i dx

and

/' " d(sin [x]0p— (e(co) - eix)}a+1dx.
i ¿x

Clearly

e(co)  I    (sin [x]0p— {«(">) — eix)}adx
J i dx

= 0 ¡-^- e«+i(w)l  + e(co)  f   (sin [x]0„ — {«(«) - e(x)}<"dx,
(    co J J « dx

and

(sin [x]0p —■ {e(co) — e(x)}ac7x
s dx

xr -/¿yea(x)    |e(w) _ a(x)jb¿Xi
a ! J e   \dx/ dx

where

t*l-i
ëaix) =   23 A(x - »)«(sin «0, + (x - [x])°(sin [x]0„ = Oix«-1/-^1'),

i

by repeated application of Abel's transformation and Lemma 3, as in the

proof of (2.24). Proceeding with the last integral as in the proof of Lemma 6,

we have

e(w)

Similarly

f   (sin [x]t)„— (e(co) - eix)}"dx = 0 i-^L e«+i(Co)r('>+1>i
J i dx I    co )

f   (sin [x]t)p— je(co) - eix)}a+1dx = 0 J_2^. e«+i(ÛJ)f-<'+1>} .
./ 1 ¿X (      CO j

Thus, finally,
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(2.26) 72 = O ÍJÜLL e«+i(u)t-(>+n\ .

Also, by parallel reasoning, for r = 0, 1, • • • , p,

f   (cos [xJOp-r— [{e(co) - eix)}"eix)]dx = O {-^-e»+1(co)r("-'+1>l .
J i dx (    co J

Now, since (cot ¡!/2)r = 0(r(r+1'),

(2.27) h = O j~— e«+i(co)r<"+2>j .

Combining the estimates (2.25), (2.26), and (2.27), the lemma is proved.

Lemma 10. If p is an odd integer such that l^p^a-1, then the integral

i:

(logco)1/"._ .
E^'ÍCO,  x) I  dü3

coe"+1(co)

is convergent.

The result follows immediately on application of Lemma 9.

Lemma XX. If pis an integer such that XSpSa—X, then the series 23 ( "~ 1 ) "n"

is summable \R, eico), a + X\.

This is essentially a combination of the results of Lemma 6 and Lemma 10.

Lemma 12 [l]. If the series 23i°° an is summable \R, X, r\, r>0, and p. is a

logarithmico-exponential function of X such that p = 0(XA), where A is a constant,

then the series 23" an is summable \R, p, r\.

Lemma 13 [5]. The necessary and sufficient conditions that (i) E(0 log ik/t)

be of bounded variation in (0, rj) and (ii) | Fit) | /t be integrable (E) over (0, v),

?? being positive, are that fS log ik/t) |¿E(0| < °° and E(+0) =0.

Lemma 14 [5]. If E(+0) =0 and fl log ik/t)\dFi¿)\ <<*>, then the series
23^n, where

/' T                                         cos n-K        rT cos nt
Fit) sin «tá¿ = - F(ir)-h  I       -dFit),

o                                               n           J o        n

is summable \ R, exp (w5), 11, where 0 < 5 < 1.

3.1. Proof of Theorem 1. Since

2   r*
Anix)   = -   I       (pit)  COS wtó/,

IT   J o

we have to show that, under the hypotheses of the theorem, the integral
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(log co)1/oJ'00 (log co)1'"!   C *
^-f- <Ht)Eio, t)dt

i      coea+1(co) I Jocoea+1(co) | J0

is convergent. Integrating by parts a times,

r a

¿CO

f \it)Ei», t)dt=r ¿ (-i)^i$p(oe(^)(co, ol
J0 L    i Jo

+   (-1)«    fT<J?ait)E^iw,t)dt.
J 0

Also

r *ait)EMi<*, t)dt =      r /«*„(/)£<«>(«,
J o r(a + 1) J o

0¿í

Hence

= tv     ,„  f   *-W loS (*/¿) 1-777^ £(a)(". 0*
r(a + 1) J o log (¿/0

" w    ,   ^ ^"W loS (*/0g(«, o];
r(a + 1)

- w    , ,n f d(*«W lo8 (*/')}g(«, 0-
r(a + 1) •/ o

J" **(<)£(«, 0* = [ 23 (-1)*-1$„(0£<'-1)(«>, ol

(-1)'
+

+

ipair) log (¿A)<?(o>. t)
T(a + 1)

(_l)«+i     /• T

' ¿{«-(0 log ik/t) }giu, I).
Via + X)J o

Now <i>1(7r)=0 by (1.22), E(r)(w, 7r)=0, whenever r is odd, 0«f» log (¿A)

is a finite constant, and the integral

f | á{*„«) log (*//)}
J 0

is convergent owing to the bounded variation of tpait) log ik/t) in (0, it).

Hence it will suffice for the proof of the theorem to show that

(i)
/,'

(log co)Ha

£(»>(cú, x) | ¿CO <   00,

coe"+1(co)

where p is an even integer such that 2^p^a— 1,
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(iii)
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x;(log_co)^|

coe°+1(co)

(log co)1'"

g(co, x) | ¿CO <   CO,

giu, t) I ¿CO = 0(1) for 0 < t <
coea+1(co)

The result (i) has been established in Lemma 6. Again

gi", 0 = <?(«. it) - Ä(w, 0-

Therefore

/•-   (logco)1'« /    f* r-\(l0g»)««

Jx     coe"+1(co) \Ji       JT   / coe"+1(co)

-/;

coe^+^co)

(where r = ik/t){\og (*//)}1/a)

(logco)1'«

+

+

coea+1(co)

(log a-)1'"

coea+1(co)

(log co)1/a

since

X
(log co)1/«

giu, x) I ¿CO-j;

coea+1(co)

(log«)1'«.

giu, t) I ¿CO

giu, x) I ¿CO

Ä(ü>,  0 I ¿W,

g(co, x) I ¿CO.
coe«+1(co) _ J i      coea+1(co)

Hence, Theorem 1 will be established if only the following are proved

(log co)1'«

(3.11)

(3.12)

h

(3.13) /. =

/i oo

1 coe«+1(co)

(log u)1'"

coe«+1(co)

(log co)1'"

coe"+1(«)

Proof of (3.11). Since

emíu, u) = 23 {«(«>) - «(»)}"«(«)( — )

g(co, x) I ¿co <  co ;

giu, t) | ¿co = 0(1) for 0 < / < x;

Afu, 0 I du = 0(1) for 0 < t < x.

¿V
cos »«,

g(co, x) I  =
/' T            »«

-■ COS MW¿M

o    log ik/u)
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or

23 {eiu) - ein)}"ein)na Í     —
ná« Jo       lo

sin nudu
g ik/u)

according as a is even or odd. Thus proving the convergence of the integral

E is the same thing as proving the summability | R, e(w), « + l| of the series

23«"Xn, where X„ is the Fourier cosine-constant of the even function

»«/log I k/u\, defined by periodicity outside ( — x, x), or of the series 23w<*Mn,

where pn is the Fourier sine-constant of the odd function »«/log \k/u\, de-

fined by periodicity outside ( —x, x), according as a is even or odd.

Let a be even, and let

(3 . 14) (-Y |««/l0g    -   |   ~-Aa+Z<n cos nu.

Integrating successively, we have

k
«"/log

(3.15)

1 /Aauc

2 \   a!

A a^2«"~2

+  (a -2)! +
+ A ■)

_ «„ cos nu
^(_l)a/2jî-

Let

AaUa Aa-tU"-2

+ -,-177 + -+- Ao ~ 23 2\'n cos nu.
a{ (a -2)!

Then, since »"/log | k/u\ ~ 23^» cos nu, (3.15) yields

(3.16) 23«"x„ = (-i)°'!i;i„ + I»<.

Now, from (3.14),

ci/log + c2
7     I * l\2
(log   -   )  +
\     I « 1/

+ ca +1

Y     I * IV+1
(log    -   )
\       I u 1/

^4 a + 23 en cos nu,

where

(-)a{Wlog ik/u)} = Ci/log(—) + c,/(log —Y + • • •

+ ¿a+1 /(-T'
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If, now,

I ¿I
Ci/log  —  ~ Z, 5i.n cos nu,

I » I

//      I * I \2
C2   / Í log   -    J   ~ 23 52,„ COS M«,

/ / I   k  I \ "+1
Ca+i / ( log  —   J      ~ 23 5«+i.» cos nu,

then, since 23» | 5,,„| is convergent for v = X, 2, • • • , a + X, by Lemma 2, we

readily conclude that   23e« 1S absolutely convergent, and hence a fortiori

summable | R, eico), a + X |.

Also, if a = 2m,

\1  =  X-1 23   -   I       M2" COS WM¿».
i     (2^)! Jo

But

m2'' cos nudu = (—1)"23 (—l)p_1'
0 1

(2m)!
_ 1r2M-2p+lw-2p

o i (2«-2p+l)!

so that

la\'n = ir-K-l)»^  (-l)"-1»2"-2^
7   (2« - 2p + 1) !

Therefore, by Lemma 11, 23w"^n is summable \R, eico), a + X\. Hence from

(3.16) it follows that 23«"Xn is summable \R, e(co), a-f-l|.

The case in which a is odd can be treated similarly.

Proof of (3.12).

/' «          M"

-—— £<«>(co, u)du
a   log (k/u)o  log ik/u)

d

log(Ä/0   J,   ÔW

(by the second mean value theorem)

t"        C * _
- I    — Eí«-1)^, »)¿» (0 < r, < t)
ik/t) J„  f

= °h-77VT S {«(") - eW}«^»)»«-1!
Llog  (£/0   „£„ J

= O I-co«e«+1(co)/(log co)1'«] ,
bog(vo J
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by Lemma 7. Therefore

(  CT (logco)1'" Ia CO" 1
h = 0{ B --e«+\u)du\

Ui   coe«+i(co)    log(*/<)   (logco)1'« )

= 0(-■- f   u^du)
Vlog ik/t)  J l /

= 0(1) for 0 < / < x.

Proof of (3.13).

-——£(«)(«, u)du
t   log ik/u)

[»"                            "1 T      C *   d  (      ua      \
-E^-^iu, u)     -  I      — \--}E("-^iu, u)du
log ik/u)                      At     J í    du (log ik/u))

£<—»>(«, x)-:-£<«-»(«, 0
log (*/«■) log (VO

/' r   au«-1                  M"-1       1
-+ -,-r E^-^iu, u

, bog (*/«)    iog(*/«)}*J
)¿»

= Oí I £<—»(«, x) I } +0\-I £(«-»(«, O I 1
11 M (log (VO »

+ O < f    —-I E^-^iu, u) I ¿«1
\J,    log(V«) í

= OÍ I £{«-»(«, x) I } + O |-^- e"+i(w)l
11      k   n J      i< íog (*/o   « X

Hog CO /* T ¿M )

+ O ̂ -5- e"+\u)        —-—-[■ (by Lemma 8)
1.   co J t    ul log ik/u))

(l 11 (1 log CO ")
= 0{    £(-»(«, x) | } + 0 j -^- «««(«»)> ,

it log (¿/O    « /

since fidu/u2 log (&/«) =0(1// log ik/t)). Therefore, observing that E("-1>(«,

x) =0, when a is even, and employing Lemma 6, when a is odd, we obtain

a,0° (logco)1'«          1          logco \
^-5—^-5— e«+1(co)¿co )

,      We«+i(«)    / log (¿/0       « /

/         1 /*M  (logco)1+1'«      \
= 0(1) +01- j ¿co)

VílogíVOJr U2 )

= 0(1) for 0 < t < x.



368 T. PATI [May

This completes the proof of Theorem 1.

3.2. Proof of Theorem 2.

In view of Lemma 13, Theorem 2 can be put in the following equivalent

form.

Theorem 2a. If a is an integer 21, and if (i) fl log ik/t)\d\pait)\ < °°
and (ii) ^a(+0)=0, then the conjugate series of the Fourier series of fit), at

t = x, is summable ¡R, e(w), ct + l|.

We proceed to prove Theorem 2a. Since

2   f"
E„(x) = — I    i/-(0 sin ntdt,

X   J o

we have only to show that, under the hypotheses of the theorem, the integral

/,M (log co)1'«! c T      —
* '       w)Eiu,t)dt du

i      coe°+1(co) | J o

is convergent. Integrating by parts a times,

f Ht)Ëiu,t)dt = [" ¿•(-1)>-í*,0)E<'-1)(m, ol
Jo L   i Jo

+   (-1)«   f     *ait)E^iu,t)dt
J 0

= [¿(-l)'-1*,(0E{'-1>(«..*)]

+    ¡"f'   [*«(<)x(0]o'
r(a + 1)

(-D-+1

r(« + l) J o
- f *#«(0x(0,
1)^0

where

11

XÍ0 -   f   w«E<«>(co, u)du = taE^-^iu, t) - at"-1'E~<-a-Viu, t)
J o

+ a(a - l)Z«-2Ë<"-3>(co, 0 + ■ • • + (-l)a_1«(« ~ X) ■ ■ ■ 2/2(w, /)

__ ,                    .          /cos nt       X \
+ i-X)»-laia- 1) • • • 22    «(») " «(»)} "«(»)(-

»<co \      » «/

x-^   , i /C0S W¿ 1 \
= A(0 + (-l)a-1a(a- 1) • • • 2 23 {«(«) -«(»)}"«(»)(-I say,

nao, \      » »/

Hence, it will suffice for the proof of the theorem to show that
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/'"  (logco)1'". _ .
^-2——   £(p)(co, x)    ¿co<  oo,

i     coe«+1(co)

where p is an odd integer such that 1 SpSa — X,

/'°° (log u)lla\  C ' I
—^—— #«(/)A(0  ¿co < «>,

i      coe"+1(co) IJ0 I

(logco)1'«] . . ( cos «x/••  (logco)1'« 1 /

(3.23)    Jl     W    ML"

+
/' *■ cos nt       )

o n )
¿CO   <    00.

Proof of (3.21). The result has been established in Lemma 10.

Proof of (3.22).

/,0°   (logco)1'« ( r*. ..       ,)

;   T^wtX I"«'>!!4«I}"»

-(X>X")^{X.*i#-("HA(»i}*'
(where r = (*//){log (A/0}1/a)

= Ji + Ji, say.

Now, for the proof of the convergence of Ji it is sufficient to show that

fT|#«(o! f
J 0 J 1

T   (logco)1'"

coe"+1(co)
¿p+i| £(p)(W| /) | ¿co <  oo,

where p is zero or a positive integer Sa — X. Now

/'*, .    rr   (logco)1'" . _
#«(0 '   N  l>+1   E^iu, t)    du

o J i      coe"+1(co)

= 0 | J" * | ¿WO | J'   ̂ TET *'+1 ( S {«(«) - ein)} «e(»)»^dcoJ-

= 0 <  f    log (¿fe/0 I ¿i^a(0 I - i    co"¿coi (by Lemma 7)
I Jo logiVO Ji )

= 0(D,

since (/'+1/log ik/t))fTiWdco = OiX) iorO<t<T.

To prove the convergence of J2 we observe that

A(0 = 0{ (logco/co) ^'(ajr1),

by virtue of Lemma 9. Hence
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2 " JT      co^+Hco)   (Jo
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d-pait) [ [ A(0 I \ du

(logco)1'"   logco

[May

Uif"   (logco)1'"   log CO )
#«(0 \'       -^— e^iu^du}

I JT      coe"+1(co)        CO J

= ojJ"log(E/0|#«(0| {HogiVO}-1/

= 0(1),

(log u) 1+11 a

du)

since

{t log ik/t)}-1 f
(log co)1+11 a

du = 0(1)        for 0 < t < x.

Proof of (3.23). Proving (3.23) is the same thing as proving that the series

23Mn, where

cos »x       /* T cos nt
Un   =   -  ^aA)-1"    I        '- ¿>Aa(0.

n J0       n

is summable \R, e(co), a + l|. By Lemma 14 we conclude that 23w» is sum-

mable | R, exp (ws), l| (0<5<1), and therefore by Lemmas 12 and 1 it is

summable \R, e(w), a + l|.

This completes the proof of Theorem 2.

3.3. Proof of Theorem 3. Let r be even. Then we have to show that,

under the hypotheses of the theorem, the integral

/•M (logco)1'"! r *
'A       <Ht)E"io, t)dt

i     coe°+1(co) I Jo

is convergent. Now

f   c/.(0EW(co, t)dt = — f   {Pit) + E(-/) }£<->(«, t)dt
«/ o 2 •/ o

+ r git)E^iu, t)dt.
J o

Thus it is sufficient for our purpose to show that

/■M (logco)1'«I rr   X   .—TTTT-    I       -{E(0 + E(-0   £«(»,
i     coe«+1(co) \J o     2

t)dt ¿CO   <   00,
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¿CO   <   ».
/"*= (logco)1'«! r**, J git)E"iu,t)dt

i      coe"+1(co) | J0coe"+1(co)

Proving (3.31) is the same thing as proving the summability \R, c(co),

a + 11 of 23M'Ï>"> where pn is the Fourier cosine-constant of the even function

}E(0+E( —0 }/2. This can be easily proved by making use of Lemma 11 as

in the proof of (3.11).

Next, to prove (3.32), if a>r, integrating a — r times by parts,

f \it)EMiu, t)dt = \ 23 (-l)"-1GP(0E('+'-1)(co, o]
J0 L    i Jo

/► tr
Ga-rit)E^iu,  t)dt.

0

Now

f   6Vr(0E<«>(co, t)dt = —-—- f  7«.r(<)log(A/0--——E^iu,t)dt
Jo Yia — r+X)Ja log ik/t)

1 ,

[7a,r(0  \ogik/t)giu,t)]o

r(a - r + X)

Hence, if a>r,

r(a - r + X)

-—- f   d{ya,rit) log ik/t)}giu, t).
r + X)J0

f\it)E"iu, t)dt -[l(-rv,(i)£WH)(B, *)]

(-1)«-'
+ 777-r-77 Ta.rW   log  ik/ir)giu,  x)

r(a — r + X)

f_1)«— r+1      f* r

+ 77;-T77 ¿ÍT«.r(0 log ik/t) }giu, t).
T(a - r + 1) J0

Also, if a = r,

/»IT /»   Tgit)E^iu, t)dl = 7r.rW log ik/r)giu, x) -   |     ¿{7r,r(0 log ik/t)}giu, t).
0 Jo
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Hence, as in the proof of Theorem 1, it is sufficient for our purpose to estab-

lish only the following.

Í3.33)

(3.34)

and

(3.35)

X"
x;

(logco)1'«

coe"+1(co)

(logco)1'" .

coe°+1(co)

Ç"   (log"

JT      coe"+1

00  (logco)1'".

g(co, x) I ¿CO <   =o ,

giu, 0 I ¿CO = 0(1)

hiu, t) I ¿CO = 0(1)

for 0 < t < x,

for 0 < / < x.

All these results have been proved in §3.1.

The case in which r is odd can be dealt with similarly. This completes

the proof of Theorem 3.

3.4. Proof of Thorem 4. Let r be even. Then we have to show that, under

the hypotheses of the theorem, the integral

x; l/ai(log co)

coe"+1(co)
f   ^(0E(r)(w. t)dt

J 0
da

is convergent. Now

|    Ht)EMiu, t)dt =  f     — {Pit) - E(-0}E»(co, t)dt
Jo J o      2

+ f   ¿(0E»(co, t)dt.
J 0

Thus it is sufficient for our purpose to show that

(logco)1'"

(3
/"° (logco)1'«|  rr   X   . ._

i      coe"+1(co) | J o      2
o¿<¿CO   <    oo ,

/'°°   (logco)1'"     /• r        _
iJ . hit)E<'K<*, t)dt

i      coe"+1(co) | J0
¿CO   <   oo.

Proving (3.41) is the same thing as proving the summability \R, e(w),

a + l| of 23wr2n, where qn is the Fourier sine-constant of the odd function

{Pit) -Pi-t) }/2. This can be easily proved like (3.31).

Next, to prove (3.42), if a>r, integrating a — r times by parts,



1954]     ABSOLUTE RIESZ SUMMABILITY AND ITS CONJUGATE SERIES      373

r ft(oE<"(«. t)dt=r £ (- i)'-iEP(0£(r+',-i)(co, oi
Jo L   i Jo

+   (-1)-''   f     ff_r(*)E<«>((0,  t)dt
J 0

= [2(-i)-1^p(02tr+-,)(^o]'

(-1)-
+

Via - r + X)

(_l)a-r+l

K,r(0x(0]o

(-l)«-^1     rT

+ Vl-1777      ddaADxit),
Via — r + X) J o

where x(0 has the same meaning as in §3.2.

Also, if a = r,

f  A(02<"(«, t)dt = [or,r(0xí0]ó- f ddr,rit)xit).
Jo J 0

Hence, as in the proof of Theorem 2, it is sufficient for our purpose to estab-

lish only the following.

(3.43) x;(logco)1'«.
£>'(<», x) | ¿CO <   00,

coe"+1(co)

where p is an odd integer such that 1 SpSa—X,

(logco)1'«

(3.44)

and

(3.45)

/"° (logco)1'«!  r

i      coe°+1(co) | J o
?«.r(OA(0¿CO  <

J'00  (logco)1'«   ^^ .                       .            I                   COS ti
' ,    23 {eiu) - ein)} -ein) \ - 0„,r(x)-

i     coe«+1(co)   „g,,                                  I                     »

+
/' T cos nt )  |

--¿0„,r(O>    ¿CO
o        » )  I

<   oo.

In the arguments used in the proof of Theorem 2 we have only to replace

ypait) by da.rit) to establish the above results.

The case in which r is odd can be dealt with similarly. This completes

the proof of Theorem^.
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