ON THE ABSOLUTE RIESZ SUMMABILITY OF FOURIER
SERIES AND ITS CONJUGATE SERIES

BY
T. PATI

1.1. DEFINITION. Let D_; @, be a given infinite series, and \, a positive,
steadily increasing, monotonic function of #, tending to infinity with n. We
write

A(w) = A@w) = X an

MSw

and

A = X (@ — \) On.
MSw

The series J.r a. is said to be absolutely summable (R, \, 7), or simply
summable |R, \, 7|, 720, if A}(w)/w’ is of bounded variation in (4, «),
where A is a finite positive number [6; 7](*). We may, for example, take
A =X1.

The above definition can also be put in the following equivalent form by
defining N suitably at nonintegral points and by a change of variable.

ALTERNATIVE DEFINITION. Let A=A(w) be a continuous, differentiable,
and monotonic increasing function of w in (K, »), K being a positive con-
stant, and let it tend to infinity with w. Suppose that D_; a. is a given in-
finite series, and write

(@) = 2 {Mw) — k(n)}'a,; (r =2 0).

nSw
Then the series Zi‘ a, is summable IR, A r| , 720, if the integral

[ 1y,

where 4 is a finite positive number, is convergent. Now, for >0, m <w
<m-1,

d N (w) <

= [er()/ {Mw) } 7] = Wné {Mw) = \#) }~\(n)an.
Hence D¢ a. is summable IR, A\ r|, r>0, if

Received by the editors December 5, 1952.
(") The numbers in brackets refer to the bibliography.

351



352 T. PATI [May
N V) S ) = ) N an | do < o
A {)\(w) } 1 nSw "

It is evident that summability lR, A, OI is equivalent to absolute con-
vergence.

For convenience we shall adopt the alternative definition throughout the
present paper.

1.2. Let f(¢) be a periodic function with period 27 and integrable (L)
over (—m, w). Without loss of generality the constant term in the Fourier
series of f(¢) can be taken to be zero, so that

(1.21) f@) ~ i (@n cos nt + b, sin nt) = i A.(2)
and
(1.22) frf(t)dt - 0.

Then the conjugate series of the Fourier series of f(¢) is given by
(1.23) > (bn cos nt — ay sin nt) = 2 Ba(1).
1 1

Throughout the paper we use the following notations:

o) = {fx+ ) + f(x — )}/2;
Vo) = {fx+ 1) — flx— D}/2;

r—1
P() = 2 (8:4/i), where the 6’s are arbitrary;
0

g = [{f(x+t) — PO} + (=D {f(x — ) — P(—0)}]/2;
B = [{f(x+ 1) — PO)} — (=D {f(x — 1) = P(—=1)}]/2;

8.(0) = ;:—3 0‘(t — wye(u)du (o> 0);
®o(t) = (1)
6:(1) = (o + Divd,(0) (02 0);

V,(2), ¥.(t), G.(t), g.(¢), H,(t), and k,(¢) have similar meanings;

Yar(t) = ga—'r(t)/t'; 0ar(t) = hasy(t)/t;
e(w) = exp {(log w)“‘”"};

r

E(w, t) = > {e(w) — e(n)}"e(n) cos nt; E®(w,t) = i E(w, 8);

atr

nSwe
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E(w, t) = 2 {e(w) — e(n)}2e(n) sin nt;  E®(w, 8) = ;t: E(w, 1);
t ue L4 ue
g(w, t) = j:) W E‘“)(w, u)du, h(w, t) = ft m E("‘)(w, u)du;
ar
F@®)r = Py F(2).

1.3. The object of this paper is to generalise our previous work(2) done in
the subject and to establish theorems of a very general character concerning
the absolute Riesz summability, for a rapidly increasing type, of the Fourier
series, its conjugate series, and their derived series. These theorems are stated
in §2.1. It will be seen that Theorem 1 is the analogue, for absolute sum-
mability, of a theorem on ordinary Riesz summability of Fourier series,
recently obtained by Wang [9], for the case in which « is a positive integer
=1. It may be mentioned that the four theorems of this paper include as
particular cases Theorems 4, 6, 7, and 8 respectively, recently published [5]
by Mohanty in the Proceedings of the London Mathematical Society.

I take this opportunity of expressing my deep indebtedness to Dr. B. N.
Prasad for his kind encouragement and valuable suggestions during the
preparation of this paper.

2.1. We establish the following theorems.

THEOREM 1. If a is an integer =1, and(®) ¢.(t) log (k/t) is of bounded
variation in (0, w), then the Fourier series of f(t), at t=x, is summable IR,

e(w), a+1].

THEOREM 2. If a is an integer =1, and if (i) Ya(t) log (k/t) is of bounded
variation in (0, ) and (ii) ld/.,(t) ] /t is integrable (L) over (0, ), then the conju-
gate series of the Fourier series of f(t), at t =x, is summable | R, e(w), a+1 I .

THEOREM 3. If 7 s an integer =1, and v...(t) log (k/t) is of bounded varia-
tion in (0, ), then the rth derived series of the Fourier series of f(t), at t=x, is
summable ]R, e(w), a+1] , for every integral a=r.

THEOREM 4. If r is an integer =1, and if (i) 0...(t) log (k/t) is of bounded
variation in (0, w) and (ii) l0.,,_,(t)] /t is integrable (L) over (0, ), then the rth
derived series of the conjugate series of the Fourier series of f(£), at t=x, is sum-
mable IR, e(w), a+1 I , for every integral a=r.

2.2. We require a number of lemmas for the proofs of our theorems.

(® Under publication in the Bulletin of the Calcutta Mathematical Society.

(3) In the enunciation of the theorems of this paper it is sufficient to take k> . Since it is
immaterial what particular value & has, for the sake of convenience we assume k& >e**2r in the
proofs of Theorems 1 and 3.
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LemMA 1 [6, 7]. If a series Z{“ a, is summable IR, A, rl , =0, then it is
summable | R, \, 7’| for v >r.

LEMMA 2. The Fourier series of the special functions
EI\"! E I\ E\—o1
()" Gl 2)" 2]

N
are all absolutely convergent at t =0.

The absolute convergence, at ¢=0, of the Fourier series of the special
function (log Ik/tl )~! has been proved [4] by Mohanty. The proofs of the
absolute convergence, at t=0, of the Fourier series of all the other special
functions proceed on similar lines.

LeEMMA 3. Let C®, S®, and S® denote the nth Cesdro-sums of order k
(k2 0) corresponding to the series

S (=1, Y (cos nt),, and D (sin ni),

1 1 1
respectively. Then
6) S = 0™ for 0 < t < 1/n;
(i) S =0Ty + 0" Y for tm<isw
(i) 5P = ot for 0 <t < 1/m;
(iv) 52 = ot ™) + 0" CHY) for 1n <t < m

(v) when p is an even integer =2,

&) max (p,k—1)

n = 0(n ).
Proof. We write
1/24+cost+cos2t+ - =cot+e1+ecat+ - =2 Cn

Let s® denote the nth Cesiro-sum of order % corresponding to the series
> ¢n. We first estimate s for 0<t<1/n and 1/n<t<m. If 0<t<1/n, then
ca=0(1), sa=0(n), and thus s& = O(n*+!) uniformly in 0 <¢<1/n. When 1/n
<t=<m, proceeding as in Hardy’s Divergent series [2, p. 361], we get

sa = Qn) + W(n),
where

Qn) = sin {(n + k/2 + 1/2)t — kx/2}/(2 sin t/2)**1,

and
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1 1 — u? du
W(n) = : T )
dridc 1 — 2ucost + u? (1 — u)k+iyntt

C being the lacet formed by the circle lu-—l] =7 (1< I l—e“l ), and the line
(147, ) described twice in opposite directions. It is plain that

Qn) = O+
uniformly. Also, taking r=1/2n, we estimate that
W(n) = O(n* 172,
Hence, we finally have

s:k) = o(t_k_l) + O(nk_lt—z) for 1/n <t =

We now proceed to derive the results (i) and (ii) of Lemma 3. Since S® is
derived from Y (cos nf), in the same manner as s& is derived from »_c,,
we have

(k) k+p+1

Sa =0(n )
uniformly in 0<¢{<1/n. When 1/n<t=m,

Sik) - Q(p)(n) + W(p)(n)’

where QW (n) and W®(n) are the pth derivatives with respect to ¢ of Q(n)
and W(n) respectively. Using Leibnitz’s formula for the derivative of a
product and observing that

(sin {(n + £/2 4+ 1/2)t — kx/2}),0 = O(ne),
while
(1/(2 sin ¢/2)*+1), = O(e~+>1),
we infer that
Q@) (n) = O(nrt=—(F+D),
Next, treating W®(n) in just the same way as we treated W(#n), we find that
W® (n) = O(n*14e+2),

Thus finally

p —(k+1) k-1 —(p+2)

S =0y + 0" ) for tm<i S

The results (iii) and (iv) of the lemma follow from the results (i) and (ii),
when we observe that (sin #t), =#n(cos nt),_1. The result (v) follows from the
result (ii) by using the identity cos nr=(—1)".

LEMMA 4 [3]. Let
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Ax(2) = A\(x) = % o
M=z

and

Avx) = X (v — An) @n (r > 0).

AnSz
Then, if k is a positive integer,
4  EAW
@) =4 (5) 4o

LEMMA 5. The nth derivative of { F(x) }"‘ s the sum of a number of terms of
the form

K{F(2)} mr{FO ()} r{F®(x)} o2 . . . {F™ ()} em,

where the K's are constants, r Sn, and the a's are positive integers or zeros such
that

n n

doa, =1 > va, = n.
1 1

Further, if m is a positive integer, then r <m.

This is a particular case of a result, due to Faa di Bruno [8, p. 89], on
the nth derivative of a function of a function.

LEMMA 6. If p is an even integer such that 2=p <a—1, then the integral

fw (l_og_‘lel_al E® (0, 7) | do

wet(w)
s convergent.
Proof. We have
E@(0, m) = (=122 {e(w) — e(m) }e(m) (= 1)"n".

We first prove that
log w

(2.21) > {e(@) — e(n)}ee(n)(— 1) = o{ e"""(w)} .

nSow

Evidently it suffices for our purpose to show that

log w
(2.22) e(w)z{e(w)_e(,,)}.,(_l)w=0{08 e«+l(w>}
nSw w

and
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1
(2.23) > {e(w) — e(n)} o+~ 1) me = o{ el e““(w)} .
nSw
We use the following notations:
C(x) = ; (=1)mne; (%) = ZS: (x—n)(—1)"n* (k=1,2,--+).

We observe that
(2.24) Ge(x) = O(x=).

To prove this suppose m <x <m-1. Then

€(2) = 2 (x — m*(— 1) = E Az —m)C + (x—m) T,

1

following the notations of Lemma 3. Again

—2
K I$h)

Z A — n)°Cy + [A(® — 1) JaemiCos.

a (0)

EA(x —-n)C

Repeating Abel’s transformation, and applying Lemma 3, we easily get the
inequality (2.24). Now

@ d
Z {e(w) — e(n)}“(—l)"n’ = —-f C(x) d_ {e(w) - e(x)}“dx
1 X

nSw
== ([T + )o@ 5 (o) - e

=— (I, + I,), say.
Evidently
e()I1 = O ((log w/w)e*t'(w)).
Next .

o d
I, =f @(x) — {e(w) — e(x)}“dx

L f ( )@a(x) i{eao)—e(x)}adx,

by Lemma 4. Integrating the last integral by parts, we have
I, = 0(]| €(w) | {eM(w)} =) + O(e=(w))

+o(| o) (e = e} a

)-
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Now, applying Lemma 5 and the binomial theorem, we see that

3= fj C(x) (-(%c)“l{e(w) — e(x) }*dx

is a sum of constant multiples of terms of the type
ea“’f(w) f @a(x)eﬂ(x) {e(l)(x) }ﬂl .o {e(a+1)(x) }ﬂ&ldx’

where the B’s are positive integers or zeros such that

0<B+p1+ -+ Bat1=r<a,
Br+2+3Bs+ -+ (a+ 1)Bapy =a+ 1.

Now, using (2.24) and the inequalities
1 1/a
D (x) = {( og x) " )}
X

e®(x) = o{M e(x)} ,

%2

...............

i = 0 1B )

xa+l

we observe that

f“@"(x)e"(x){e“)(x)}ﬂl oo {etatt)(g) Jpandy

cof [ 22

@ l 1+1/a
= O(f (—95%——- e'(x)dx).
e X
Now, if r=1,

f: Eggu_ae'(x)dx = (fu log # e(x)(x)dx)
([ log » e(x)] n f. o(z) BE 1 logx— 1 dx)
o).
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Again, if r=2,3, - - -,
) 10 x 1+1/a w 10 x
f (—gz—e’(x)dx = 0<f e (%) g e“’(x)dx)
(3 X e X

_ O(IOiw e'—l(w)e(w)> _ O(logw e'(w)).

w
Hence 3 is a sum of constant multiples of terms each of which equals
0{ (log w/w) }, so that, finally, e(w)lo=0{(log w/w) e*(w)}.

The proof of (2.23) proceeds on essentially the same lines as that of (2.22);
the integral

w@“(x) i aﬂ{e(w) — e(x) }etidx
. dx

replaces 3 with corresponding differences in details. This completes the proof
of (2.21). Hence

0 l l/a © 10 1+1/a
f Qo8 ) oy ) | do = o( f (log w)*ife dw) — o).

1 wertl(w) X w?
This completes the proof of Lemma 6.

LEMMA 7. If p is zero or a positive integer <a—1, then

> {e(w) - e(n)}“e(n)n" = O{w”‘e““(w)/(log w)”"‘}.

ﬂéb)

Proof. For m=w<m+-1,

m

2 {ew) — e(m) }ee(mnr = 3 {e(w) — e(n) }ee(n)n

= "'Z" A{e(w) - e(n)}"‘z:: e(v)ve + {e(w) - e(m)}“i e(v)ve

- 0[ 3 {etn + 1) — e(m)} {e(w) — e(n)}«-lie@)v»]

1

m

+ {e(w) — e(m)}= 2 e()r

1

_ PN = {log (n + 1)}/« nene(n)
- O[e @X 7 e+ m]
logw wPwe(w)
. +0{ o <logw>1/«}’

since e(n+1) —e(n) =0[{log (n+1)}‘/"e(n+1)/(n+1)] and
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n

2 e(v) = Ofne(n)/(log m)!/=}.

1

Thus
2 {e(w) — e(n) }oe(n)ne

néw
m—1
=0 {e“‘l(w) D e(n+ l)n"e(n)} + 0{ (log w) 2=+ (w) /we—1=r}

= Ofest(w)w+1/(log w)!/=}.
This completes the proof of Lemma 7.
LeMMmA 8.
EteD(y, ) = 0{(log w/w) et (w)t—(=tD},

Proof. The proof of this lemma proceeds along the same lines as that of
Lemma 6. Suffice it to observe that in the analysis €(x) and €=(x) will be
replaced by &(x) and &=(x), where

S(x) = 2 (cos nt)a_y and Se(x) = Y (& — n)*(cos nt)q_1.

nSz nSz

Also, by repeated application of Abel’s transformation and Lemma 3, as in
the proof of (2.24), we estimate that &2(x) = O(xa~}~(a+D),

LEMMA 9. If p is zero or a positive integer Sa—1, then
E(P)(w, t) = O{(log w/w)e“+l(w)t—(ﬂ+2)} .

Proof.
E®(w, 1) = 2 {e(w) — e(n)} %e(n)(sin nt),
nSw
w d
= —f {Z (sin nt),,}— [{e(w) — e(x)}2e(x)]dx
1 nSz dx

1/ 1y (*d
— —2—(cot-2—t>pfl 7n [{e(w) - e(x)}“e(x)]dx
- % fl (sin [x]t),dix [{e(w) — e(x)} 7e(x) |dz

+ —;—fl w(‘:os [«]t cot % t) ;ld;c [{e(w) — e(x)}2e(x)]dx

')

l<t1t>l II+II '
= — —(cot— - — — Is, say.
g\t Ty e R
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Evidently

1 1 log w
(2.25) > cot?t) I, = 0{ e¢+l(w)t—(p+l)} .
4

(5]

For estimating I, it suffices to consider only

® d
(@) f Gin [+, — {o(0) = e(2)} *da

and

fa(sin [x]t),i {e(w) — ()} =+1da.
1 dx
Clearly

e(w)f (sin [ x]t),, {e(w) — e(x)}edx

lo
= 0{ g ed“(w)} + e(w) f (sin [#] t), {e(w) - e(x)}"dx,

f (sin [«] t),, {e(w) — e(x)}“dx

1 pefd\e.  _d
-—f (E) &e(a) = {ofw) = o)} %,
where ’

[z]—-1

S(x) = X A(x — n)*(sin nt), + (x — [x])2(sin [z]), = O(x=—Y~t+D),
1

by repeated application of Abel’s transformation and Lemma 3, as in the
proof of (2.24). Proceeding with the last integral as in the proof of Lemma 6,
we have

logw
e(w)f (sin [z] t),, {e(w) — e(x)}“dx = 0{ i

e*+1(w) t—(pﬂ)} .

Similarly
log w

fla(sin [x]t),,é—i; {e(w) — e(x)} *+dx = 0{ ea+l(w)t—(p+l)} .

Thus, finally,
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w

log w
(2.26) I, = 0{ e““(w)t‘(P“)} .
Also, by parallel reasoning, for r=0, 1, - - -, p,

f N(COS [x]”)v-'i [{e(w) — e(x)}e(x)]dx = O{logw eﬂ‘(w)t"’_ﬁl)} )
1 d w

x

Now, since (cot ¢/2),=0(~=+D),

log w
(2.27) I, = 0{ ea+l(w)t—(p+2)} .

w
Combining the estimates (2.25), (2.26), and (2.27), the lemma is proved.
LeMMA 10. If p is an odd integer such that 1 Sp=<a—1, then the integral
fw MI E®(w, T) ] dw
TN
is convergent.
The result follows immediately on application of Lemma 9.

LEMMA 11. If p is an integer such that 1 <p <a—1, then the series Y (—1)"n*
is summable | R, e(w), a+1].

This is essentially a combination of the results of Lemma 6 and Lemma 10.
LeEmMA 12 [1]. If the series D5 a. is summable |[R,\, 7|, 7>0, and p is a

logarithmico-ex ponential fu_nction of N such that u=0(\2), where A is a constant,
then the series v G, is summable |R, M, r' .

- LEMMA 13 [5]. The necessary and sufficient conditions that (i) F(¢) log (k/%)
be of bounded variation in (0, n) and (ii) | F(t)| /t be integrable (L) over (0, 3),
7 being positive, are that [J log (k/t) |dF(f)| < © and F(+0)=0.

LEmmA 14 [5]. If F(+0)=0 and [} log (k/t)|dF(t)| < «, then the series
Zv,., where

" COS nw T cos nt
v, = f F(?) sin ntdt = — F(w) + f dF (1),
0 n 0 n

is summable IR, exp (o), 1|, where 0 <6< 1.
3.1. Proof of Theorem 1. Since

2 L
Aa(x) = - f (%) cos ntdt,
0

we have to show that, under the hypotheses of the theorem, the integral
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f * (log w)tl=
1 we"‘“‘l(w)

is convergent. Integrating by parts a times,

f ¢(1) E(w, t)dtldw

L

fo ,¢(t)E(w, Hdt = [ ? (—1)718,(t) B (, t)]

0
+ (=1)e f T () E@(w, )L,
0
Also

x 1 L4
fo () E@ (o, t)dt=r(—+1) f 126a() E (w, 1)t

a

t
f 80) log (/1) 3 B0 (o, 0

[6a(8) log (B/t)g(w, D]

P(+D

ot
CT(e+ 1)
1 *
B I‘(a—+1—55’.0 d{¢a(t) log (k/t)}g(wr t).
Hence

[ o080 = | £ (-vre0reve )]
0 1 0
+ =07 ) tog (/g )
T(e+1)
(—=p)e
LT f d{8a(t) log (/) }g(w, 1.
Now &,(r)=0 by (1.22), E®(w, ) =0, whenever 7 is odd, ¢.(w) log (k/7)
is a finite constant, and the integral

fo " | afealt) log (&/0)} |

is convergent owing to the bounded variation of ¢.(f) log (k/t) in (0, w).
Hence it will suffice for the proof of the theorem to show that

© l l/a
6) M| E®(w, T) | dw < o,
1 wea+l(w)

where p is an even integer such that 2=p=<a-—1,
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© l 1l/a
(ii) fl Uog )% o )| doo < o,

we*H(w)

® (log w)t/=

1 wert(w)

The result (i) has been established in Lemma 6. Again
g(w, ) = g(w, m) — h(w, 1).

(iif) | g(w, £) | dw = O(1) for 0 <t <m.

Therefore

fl " %%i‘:—z:;| g, 1) | doo = ( fl 4 f w)——(:;i‘:z:;lg(w, )| de

(where 7 = (k/t){log (k/f)}11%)
gf' Mf'_““(w,mdw

a+1( )
(log @)=
+f1 e ORI
® (log w)/=
+£ ml h(w, t)ldw,

since

© (1 ) log w
ff(°f+f’()lg<w,«)ldw N (i+lz)lg<w,r>|dw-

Hence, Theorem 1 will be established if only the following are proved.

® (log w)t/«

(3.11) I, = . mig(w,r)[dw<w;
* (log w)l/=

(3.12) I, = Wl g(w, ) | dw = O(1) for0 <t <m;
1
® (log w)l/=

(3.13) Is = | Mw, )| do = O(1) for0 <t < m.

. werti(w)

Proof of (3.11). Since

d a
E@(w,u) = > {e(w) — e(n) } 2e(n) (E;) coS nu,

nSoe

L4

> {e(w) — e(n) } ce(m)n* f _* cos nudu |,

l g(wv ”) | = = o log (k/u)
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or

kg ua .
é‘; {e(w) — e(n)} “e(n)n fo W sin nudu |,

according as « is even or odd. Thus proving the convergence of the integral
I, is the same thing as proving the summability IR, e(w), a+1| of the series
> n°\,, where \, is the Fourier cosine-constant of the even function
u*/log Ik/ul , defined by periodicity outside (—, 7), or of the series ) 7%,
where u, is the Fourier sine-constant of the odd function %¢/log lk/‘ul , de-
fined by periodicity outside (—, 7), according as « is even or odd.

Let o be even, and let

(3.14) (5;)0‘ {u“/log

Integrating successively, we have

k 1
—.} ~—A,+ D e, cos nu.
u 2

k 1 /Auc A, u?
u%/log —l-—-—( + +---+Ao)
u 2 al (@ — 2)!
(3.15)
€n COS NU
) Ry
nd
Let
Aaua Aa— a—2
4 L= 4 A~ T 2N, cos .
al (e — 2)!
Then, since #*/log Ik/ul ~ 3"\, cos nu, (3.15) yields
(3.16) Do = (=1)22) e + 2 no\s.

Now, from (3.14),

: k kE\?2 k |\ t!
¢1/log ——\+¢:2/(log — ) +--- +ca+1/(log — )
u u u
1
~—2—A.,+ Zencos nu,
where

(ﬁ)“{ua/log (k/u)} = a/log (%) ta/ (log §)+ .
+ Cat1 / (108 %)aﬂ.



366 T. PATI ) [May
If, now,

¢1/log

k
o / (log
u

k
——| ~ Z 01,n COS N,
7

2
> ~ Z 82,n COS NU,

...................

k a+t+l
Cat1 / (log ) ~ D Bap1,m COS MU,

u
then, since Y, |6,,,;| is convergent for v=1, 2, - - - , a+1, by Lemma 2, we
readily conclude that e, is absolutely convergent, and hence a fortiori
summable IR, e(w), a+l| .

Also, if a=2m,
’ il A2» r
A=71Y f u% cos nudu.
1 (2! Jo
But
(2u)!

T u
w cos nudu = (—1)m ) (— 1)l ————— g2ty %,
‘l; 1 Qu — 20+ 1)!

so that
m n A g m—2etH1
na)\; - 1‘,—1(_1)»2 (_1)p—1n2m—2pz —_— .
1 s (2u—20+1)!
Therefore, by Lemma 11, Y_n°\, is summable IR, e(w), a+1|. Hence from
(3.16) it follows that Y me\, is summable | R, e(w), a+1].
The case in which « is odd can be treated similarly.
Proof of (3.12).

t ue
(w, 8) = f ———— E@(w, u)du
’ o log (B/u)
e t 9
= — — E(D(w, u)du <9<
log (k/t) J, ou

(by the second mean value theorem)

0 [L > {e(w) — e(n) } “e(n)n““]

log (/) age

i«
=0 [W weet (w)/(log w) / ],
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by Lemma 7. Therefore

_ 7 (log w)t/= te w® .
I,=0 {ﬁ we(w) Tog (kD) (logw)i/e e +1(w)dw}

=0(1) for0<t<m
Proof of (3.13).
h(w, ) = f ’Iﬁmmw(w, w)du
ue L L3 d ue
g 2] = [, ad et B v
a td —t o
“lg@m @D gy T

_frl: au1 " yo! ]E(a_l)(w u)du
+ Llog (k/uw) ~ {log (k/u>}2 ’

= 0{ I E(a—l)(w, 1r) l } + 0 { (k/t) I E("_l)(w, t) |}

+ o{f" Tg{%l E(=1(y, u)Idu}

1 log w
= 0{ | Ee(w, m)| } +o{t1 — °i e“‘(w)}

lo
+ 0{ o8 e tl(w) (by Lemma 8)

¢ %?log (k/u)}
1 log w
= 0| BV, m) | } + o{t —rv °i ea+1(w)},

since [fdu/u? log (k/u)=0(1/t log (k/t)). Therefore, observing that E(==1(w,
w)=0, when « is even, and employing Lemma 6, when « is odd, we obtain

® (log w)t/« 1 log w
» wetlw) tlog (B/H) o

=0(1) + O(t logl(k/t) L 2 (log :11'0'1/« dw)

=0(1) foro<t<m.

L= o(1) + 0( eﬂl(w)dw)
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This completes the proof of Theorem 1.

3.2. Proof of Theorem 2.

In view of Lemma 13, Theorem 2 can be put in the following equivalent
form,

THEOREM 2a. If a is an integer 21, and if (i) J5 log (k/t)|d¢a(t)| < =
and (ii) Ya(+40) =0, then the conjugate series of the Fourier series of f(t), at
t=x, 1s summable IR, e(w), a+1| .

We proceed to prove Theorem 2a. Since
2 x
B.(x) = — f ¥(?) sin nidt,
T Jo

we have only to show that, under the hypotheses of the theorem, the integral
f * (log w)1/
L weti(w)
is convergent. Integrating by parts a times,

j;T'/’(t)E(w, dt = [ i\(_l)"l‘lf,,(t)E(r-l)(w, t):I *

1 0

f V() E(w, t)dt|d

+ (= 1)e fo " (O (w, 1)t

- [ £ CorwoEenen |

(—1)e

+ ——0 @t D [Wat)x(®)]o
(_ )a+l

T f HWa(Dx(0),

where
¢
x() = f wE@ (0, u)du = t*EV (0, ) — at*'EC(w, 1)
[1]
+ ala — 1)1e2E@(w, §) 4+« «« + (=)o@ — 1) - - - 2tE(w, )

) 1
+ (= Dtala— 1) - - 25 {e(w) — e(n) }2e(n) (°°S " —)

nSw n

1
= AQ) + (1) la(a — 1) - - - 2 Z {e(w) — e(n) } 2e(n) (°°s d n),sa.y,

Hence, it will suffice for the proof of the theorem to show that
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(3.21) " (og ),

1 wertl(w)
where p is an odd integer such that 1=<p<a-—1,

* (log w)t/=
1 we“‘“(w)

> {e(w) — e(n)}“e(n) {-.p,(,r)

nSw n
* cos nit
+[ dwa}
0 n
Proof of (3.21). The result has been established in Lemma 10.
Proof of (3.22).

Jéflw %{f’w%(t)HA(t)l}dw

=(f +f, )izg::z:;{f"d‘/’a(t)”A(t)I}dw

(where 7 = (k/t){log (k/t)}1/=)

E®(w, 1) | do < o,

(3.22) J = do < o,

f HW)AQ)

® (log w)l/« cos nw

1 wea+l(w)

(3.23)

dw < o,

=J1+]2, say.

Now, for the proof of the convergence of J; it is sufficient to show that

f ld'Pa(t) f (loi-lz ) t""'ll E®(w, 1) l dow < 0,

where p is zero or a positive integer <a—1. Now

[Tlano) [ | B0, | o

weti(w)
{ f | dwa(t) | fl (:;f:l’zu; 1(; {e(w) — e(n)}"e(n)n")dw}
=0 {j:] log (k/2) | dya(?) | mflf w"dw} (by Lemma 7)
=0(1),

since (##*/log (k/t))[] wtdw=0(1) for 0 <t <.
To prove the convergence of J, we observe that
A() = Of (log w/w) ext'(w)t7},

by virtue of Lemma 9. Hence
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J2=f:°%{frld%(t)nl\(t”}dw
= { f | dva() | f N (lo§+ c.:z;’)“ B%_ a+1(w)t'ldw}

= o [“rog /i avad| {rrog 0} [ {log o) " o}

T w?
= 0(1),
since

o (] 1+1/a
{tlog (k/t)}"‘f (—()—ngw 0o(1) for0 <t <
w

T

Proof of (3.23). Proving (3.23) is the same thing as proving that the series
> %, where

COS nw ¥ cos nt
Up = — 'l’a(ﬂ') +f d¢a(t)’
n 0 n

is summable |R, e(w), a+1|. By Lemma 14 we conclude that > u, is sum-
mable IR exp (o), 1[ (0<6<1), and therefore by Lemmas 12 and 1 it is
summable | R, e(w), a+1].

This completes the proof of Theorem 2.

3.3. Proof of Theorem 3. Let r be even. Then we have to show that,
under the hypotheses of the theorem, the integral

f © (log w)tl«
1 we‘*”(w)

is convergent. Now

f S()ED (o, §)dt| do

f '¢(t)E<r>(w, fdt = % f '{P(z) + P(—t)} E"(w, t)dt

+f'g(t)E<')(w, Hdt.

Thus it is sufficient for our purpose to show that

© (] w)l/e
(3.31) f1 (log )T

weatl (0))

f,r %{P(t) + P(—8)} E®(w, Hdt|do < o,
[
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(3.32) flm (log w)/e

wea+l(w)

f g E™(w, H)dt| dw < .
0

Proving (3.31) is the same thing as proving the summability IR, e(w),
a-l—ll of D_n"p,, where p, is the Fourier cosine-constant of the even function
{P(t)+P(—1)}/2. This can be easily proved by making use of Lemma 11 as
in the proof of (3.11).

Next, to prove (3.32), if a>r, integrating aa—r times by parts,

[ “stEo@ nai = [f(—l)»-lcp(omfﬂ—v(w, t)] ’

1 0
—1)er 'Ga_, ) E@(w, t)dt.
+(=1) f () E@ (o, 1)

Now

a

- 1 r ¢
j; Gor(t)E(w, £)dt = Ta—rt D fo Yas(f) log (k/t)mE( )(w, t)dt

1

= T = gD [rerl® log (B/0g(e, D)o

1 x
~ o= ), o g s

Hence, if a>7,

[T s0E0w 00 = [ £ ~or60Eer@ ]
0 1

(=1
Ta—r+1)
(=1)ert
Tla—r+1)

Ya.r(m) log (k/7)g(w, m)

f "4 {Var(?) log (/) }g(w, 9.

Also, if a=7,

f TG (OED (0, )t = vos(m) log (&/m)g(w, 7) — fo T @{ea(t) log (/1)) g(w, ).
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Hence, as in the proof of Theorem 1, it is sufficient for our purpose to estab-
lish only the following.

* (log w)t/e
3.33 —_— y ) | dw < o,
( ) j‘l wet1(a) | g, =) I ©
T 1 l/a
(3.34) f Sgg—“’—)——lg(w, 1) | do = 0(1) for0 <t < m,
1 wertl(w)
and
© l l/a
(3.35) f Qog @)%, o ] do = O(1) for0 <t < m.
. weetl(w)

All these results have been proved in §3.1.

The case in which 7 is odd can be dealt with similarly. This completes
the proof of Theorem 3.

3.4. Proof of Thorem 4. Let r be even. Then we have to show that, under
the hypotheses of the theorem, the integral

f w (log w)lle
1 wea+l(w)

is convergent. Now

f V(O EM (w, t)dt|dw

f VOED (o, )t = f i —;—{P(t) — P(—=1)}E®(w, t)dt
0 0

+fo'h(t)E")(w, Hdt.

Thus it is sufficient for our purpose to show that

Gay [ L

wea+1(w)

dow < o,

f - (PO = P} B0, 2

(3.42) f " Qog 7T

wea+l(w)

frh(t)Em(w, t)dtldw < o,
0

Proving (3.41) is the same thing as proving the summability IR e(w),
a+1| of Y n’q,, where g, is the Fourier sine-constant of the odd function
{P(t) —P(—t)}/2. This can be easily proved like (3.31).

Next, to prove (3.42), if a>7, integrating o —r times by parts,
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frh(t)E(')(w, tdt = [air (=11 H, () EH (o, t)]'
0 1

+ (=1 f e (OB (@, Dt

= [ "z:; (= 1) H,(HE (v, t)]’

0
(=)
Ta—r+1)
(—1)e—r+1

+ m.fo R OMOR

[Oa,r(t)X(t) ];

where x(¢) has the same meaning as in §3.2.
Also, if a=r,

[ B, dat = Tosox0)i - [ " 48, ,()x()-
0 0

Hence, as in the proof of Theorem 2, it is sufficient for our purpose to estab-
lish only the following.

) 1/a
(3.43) f (o8 &) )y ) | do < oo,
1

wert(w)

where p is an odd integer such that 1<p<a-—1,

® (log w)t/« r
(3.44) j; weTl(w)_ j‘o dea,r(t)A(t) do.) < ©,
and
* (log )= cos nw
fl i) | 2 tele) = em}ee(m) {- Oas(7) —

(3.45)

dw < oo,

" f * cos nt do..,,(t)}
0 n

In the arguments used in the proof of Theorem 2 we have only to replace
Ya(t) by 04,.(f) to establish the above results.

The case in which 7 is odd can be dealt with similarly. This completes
the proof of Theorem4.
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